CSM - 52/20
Mathematics
Paper—1

Time : 3 hours
Full Marks : 300
The figures in the right-hand margin indicate marks.

Candidates should atfempt Q. No. 1 from
Section —A and Q. No. 5 from Section — B

which are compulsory and any three of

~ the remaining questions, selecting

at least one from each Section.

SECTION - A

1 (@ Prove that the order of each element in a
finite group G is a divisor of O(G). Also
prove that forany a € G, a®@ = ¢, e is the
identity element of G. - 15

~(b) Find the dimension of the subspace W of R -
defined by W= {(x,y,2): X, V, € R,
. X-y+z=0,2x+y-z=0. | 15
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{c) Find the angle between the lines joining
the origin to the mtersectlon of the line
y-3x+2w1ththe=curvex_2+2xy+3y2 + 4x
+8y~11=0. : 16

(d) Find the equation of the cone whose vertex
is (1, 0, —1) and which passes through the
circle x2+y2+z2 =4, x+y+z=1. 15

2. (a) Prove that the ring Z[x], the ring of afl
polynomials with integer coefficients, is an

integral domain. - 15
1 1 1
(b) Check whether the matrix —=|1 w w2
. \/5 , ]
1w w
is unitary or not.
16

(c) Let V be a vector space of 2 x 2 matrices
over R. Let T : '\_l, — V be a linear
transformation defined by : |
T(A) =AM —MA where

w-[s 3]

Find the basis and dimension of Ker T. 15
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(d) ‘If two circles cut a third circle orthogonally,
" show that the centre of the third circle lies on
the radial axis of the two circles. * 15

3. (a) If o isan eigen value of a_ non-singular matrix

adjA(|A| is the deten'mnant. of A). 15

A, then prove that is an eigen value of

(b) Inaring R = Z, prove that every prime ideal
is a maximal ideal. ' 15

(c) LetH be a cyclic subgroup of a group G. If H
is normal in G, prove that every subgroup of
His normalin G. . ' 15

(d) Show that the vectors (1, 1,1, 1), (0, 1, 1, 1),
(0,0, 1, 1) and (0, 0, 0, 1) is a basis of R4
over R. | 15

4. (a) Solve the congruence equation 8x = 12
(mod 28). 15
~(b) Two perpendicular tangent planes to the

x2
parabolo:d z—z = 2z ‘intersect in a line
a’
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lying in the plane x = 0. Show that the line .
touches the parabola x =0, y2 = (a + b)
(2z+a). 15

2 3

and also prove that A% — 4A% — 7A3 + 11A2
~-A-10[=A+5L - 15

’ : 1 4
{(c) Find the eigen values of the matrixA = [ :|

(d) Show that the integral domain Z[J—_S] is

~ not a unique factorization domain, 15
SECTION-B - .

5. (a) Let0 <x, <x,and for the sequence {x,} we

X4+ X

have x,, = —"——1-5——"—2 (n 2 3), then prove
o X1 + 2X2- ' _

that {x,} converges to . 15

3
_ | | _ )
(b) A parametric curve defined by x = cos (?)’ .

ot -
'y = sin [—) (0 £t < 1) is rotated about

2
x-axis by 360°, Find the area of the surface
generated. CL 15
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{¢) Find the maximum value of the directional
- derivative- of the function f(x, y. Z)=xy+yz+
zx at the poant P(—1 1, 1) 15

(d) Find the analytic functlon of a c’:omplex'

variable z = x + iy whose real part is 2xy. 15-

. =i i — 1
6. (a) Find the integral 2n-[ﬁ[(x+y+ 0)dxdy,

~ where D denotes the dice" x2 +y2<4, 15

(b)- Fll‘ld the nature of smgularlty of f(z) cotz

: atz-oo ‘ . 15
" {c) Afunctlon f assume only rational values in
[0, 1] but continuous in this interval.

i [1]—'1 rove that f(x)t 1 every where

inf0,1.- -~ - 15
(d) Prové that' the asymptotes of the curve
'(x2 Yoy - 2r=|y2 +5x — 7=0 form atriangle

of area a2. o 15
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7. (a) Givénavectort =3 (431 +3] +z3k)and
" A as a unit normal to the surface of the
hemisphere (X2 +y2 +22=1, 22 0). Find the

value of the integral (v xW)- nds evaluated

on the curved surface of the hemisphere S.

' ' 15

‘ X+
(b) Ifu=2cos™ (E—sj]‘—“] then show that

-x@+yﬂ+cot——0 1
ax Jay 2 ) 5

- {c) Let f(x) = 2x3 — x* ~ 10 be a real function

defined in —1 < x < 1. Then find the minimum

value of f(x) in [~1, 1]. - 45"

T x%dx
(d) Prove that the integral I(1+x2)2 is
convergent and henoe find |ts value. 15

8. (a) Find the length of the loop of the curve
‘3ay? = x(x— a)2. 15
(b) Prove that the vector f(r)r_) is irrotational

> _ N oA R
(rr=xityj+zk). 15
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"(¢) Find the value of the integral

cos2nz
.[ (2

=" .dz,wherecisjz]=1. 15
Z-~ 1)(z 3)

(d) Show that the function defined by

1 1 <] '
f(X)=2—nfOr 2n+1 <x"‘-2—|:|—, n=0.1.2 ........

énd f(0) = 0 is integrable over the intervai

| .1 )

[0, 1] and If(x)dx=§.- .15
0 .

#*
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